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Abstract18

It is known that the length of the longest substring palindromes (LSPals) of a given string T19

of length n can be computed in O(n) time by Manacher’s algorithm [J. ACM ’75]. In this20

paper, we consider the problem of finding the LSPal after the string is edited. We present an21

algorithm that uses O(n) time and space for preprocessing, and answers the length of the LSPals22

in O(log(min{σ, logn})) time after single character substitution, insertion, or deletion, where σ23

denote the number of distinct characters appearing in T . We also propose an algorithm that24

uses O(n) time and space for preprocessing, and answers the length of the LSPals in O(`+ logn)25

time, after an existing substring in T is replaced by a string of arbitrary length `.26

2012 ACM Subject Classification F.2.2 Nonnumerical Algorithms and Problems27

Keywords and phrases maximal palindromes, edit operations, periodicity, suffix trees28

Digital Object Identifier 10.4230/LIPIcs.CPM.2018.1229

1 Introduction30

Palindromes are strings that read the same forward and backward. The problems of finding31

palindromes or palindrome-like structures in a given string are fundamental tasks in string32

processing, and thus have been extensively studied (e.g., see [2, 14, 8, 12, 16, 11, 15, 6] and33

references therein).34

One of the earliest problems regarding palindromes is the longest substring palindrome35

(LSPal) problem, which asks to find (the length) of the longest palindromes that appear in a36

given string. This problem dates back to 1970’s [13], and since then it has been popular as a37

good algorithmic exercise. Observe that the longest substring palindrome is also a maximal38

(non-extensible) palindrome in the string, whose center is an integer position if its length39

is odd, or a half-integer position if its length is even. Since one can compute the maximal40

palindromes for all such centers in O(n2) total time by naïve character comparisons, the41

LSPal problem can also be easily solved in O(n2) time.42
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12:2 Longest substring palindrome after edit

Manacher [13] gave an elegant O(n)-time solution to the LSPal problem. Manacher’s43

algorithm uses symmetry of palindromes and character equality comparisons only, and44

therefore works in O(n) time for any alphabet. It was pointed out in [2] that Manacher’s45

algorithm actually computes all the maximal palindromes in the string. In case where the46

input string is drawn from a constant size alphabet or an integer alphabet of size polynomial47

in n, there is an alternative suffix tree [19] based algorithm which takes O(n) time [9]. This48

algorithm also computes all maximal palindromes.49

There is a simple O(n)-space data structure representing all of these computed maximal50

palindromes; simply store their lengths in an array of length 2n− 1 together with the input51

string T . However, this data structure is apparently not flexible for string edits, since even52

a single character substitution, insertion, or deletion can significantly break palindromic53

structures of the string. Indeed, Ω(n2) substring palindromes and Ω(n) maximal palindromes54

can be affected by a single edit operation (E.g., consider to replace the middle character55

of string an with another character b). Hence, an intriguing question is whether there56

exists a space-efficient data structure for the input string T which can quickly answer the57

following query: What is the length of the longest substring palindrome(s), if single character58

substitution, insertion, or deletion is performed? We call this as a 1-ELSPal query.59

In this paper, we present an algorithm which uses O(n) time and space for preprocessing60

and O(log(min{σ, logn})) time for 1-ELSPal queries, where σ is the number of distinct61

characters appearing in T . We also consider a more general variant of 1-ELSPal queries,62

where an existing substring in the input string T can be replaced with a string of arbitrary63

length `, called an `-ELSPal queries. We present an algorithm which uses O(n) time and64

space for preprocessing and O(`+ logn) time for `-ELSPal queries. Our results are valid for65

string of length n over an integer alphabet of size polynomial in n. All bounds in this paper66

are in the worst case unless otherwise stated.67

Related work. This line of research was recently initiated by Amir et al. [1] for the longest68

common factor (LCF) of two strings. For two strings S and T of length at most n, they69

proposed a data structure of O(n log3 n) space which answers in O(log3 n) time the length of70

the LCF of S and the string T ′ obtained by a single character edit operation on T . Their71

data structure can be constructed in O(n log4 n) expected time.72

2 Preliminaries73

Let Σ be the alphabet. An element of Σ∗ is called a string. The length of a string T is74

denoted by |T |. The empty string ε is a string of length 0, namely, |ε| = 0. For a string75

T = xyz, x, y and z are called a prefix, substring, and suffix of T , respectively. For two76

strings X and Y , let lcp(X,Y ) denote the length of the longest common prefix of X and Y .77

For a string T and an integer 1 ≤ i ≤ |T |, T [i] denotes the i-th character of T , and for78

two integers 1 ≤ i ≤ j ≤ |T |, T [i..j] denotes the substring of T that begins at position i and79

ends at position j. For convenience, let T [i..j] = ε when i > j. An integer p ≥ 1 is said to80

be a period of a string T iff T [i] = T [i+ p] for all 1 ≤ i ≤ |T | − p.81

The run length (RL) factorization of a string T is a sequence f1, . . . , fm of maximal runs82

of the same characters such that T = f1 · · · fm (namely, each RL factor fj is a repetition of83

the same character aj with aj 6= aj+1). For each position 1 ≤ i ≤ n in T , let RLFBeg(i) and84

RLFEnd(i) denote the beginning and ending positions of the RL factor that contains the85

position i, respectively. One can easily compute in O(n) time the RL factorization of string86

T of length n together with RLFBeg(i) and RLFEnd(i) for all positions 1 ≤ i ≤ n.87
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Let TR denote the reversed string of T , i.e., TR = T [|T |] · · ·T [1]. A string T is called a88

palindrome if T = TR. For any non-empty substring palindrome T [i..j] in T , i+j
2 is called its89

center. It is clear that for each center q = 1, 1.5, . . . , n− 0.5, n, we can identify the maximal90

palindrome T [i..j] whose center is q (namely, q = i+j
2 ). Thus, there are exactly 2n − 191

maximal palindromes in a string of length n.92

Let PrePals(T ) and SufPals(T ) denote the sets of prefix palindromes and suffix palin-93

dromes of T , respectively. A non-empty substring palindrome T [i..j] is said to be a maximal94

palindrome of T if T [i − 1] 6= T [j + 1], i = 1, or j = |T |. Clearly, prefix palindromes and95

suffix palindromes of T are maximal palindromes of T .96

A rightward longest common extension (rightward LCE) query on a string T is to compute97

lcp(T [i..|T |], T [j..|T |]) for given two positions 1 ≤ i 6= j ≤ |T |. Similarly, a leftward LCE98

query is to compute lcp(T [1..i]R, T [1..j]R). We denote by RightLCET (i, j) and LeftLCET (i, j)99

rightward and leftward LCE queries for positions 1 ≤ i 6= j ≤ |T |, respectively. An outward100

LCE query is, given two positions 1 ≤ i < j ≤ |T |, to compute lcp((T [1..i])R
, T [j..|T |]). We101

denote by OutLCET (i, j) an outward LCE query for positions i < j in the string T .102

Manacher [13] showed an elegant online algorithm which computes all maximal palin-103

dromes of a given string T of length n in O(n) time. An alternative offline approach is to104

use outward LCE queries for 2n − 1 pairs of positions in T . Using the suffix tree [19] for105

string T$TR# enhanced with a lowest common ancestor data structure [10, 17, 3], where $106

and # are special characters which do not appear in T , each outward LCE query can be107

answered in O(1) time. For any integer alphabet of size polynomial in n, preprocessing for108

this approach takes O(n) time and space [5, 9]. LetM be an array of length 2n− 1 storing109

the lengths of maximal palindromes in increasing order of centers. For convenience, we allow110

the index forM to be an integer or a half-integer from 1 to n, so thatM[i] stores the length111

of the maximal palindrome of T centered at i.112

A palindromic substring P of a string T is called a longest substring palindrome (LSPal)113

if there are no palindromic substrings of T which are longer than P . Since any LSPal of T is114

always a maximal palindrome of T , we can find all LSPals and their lengths in O(n) time.115

In this paper, we consider the three standard edit operations, i.e., insertion, deletion, and116

substitution of a character in the input string T of length n. Let T ′ denote the string after117

one of the above edit position was performed at a given position. A 1-edit longest substring118

palindrome query (1-ELSPal query) is to answer (the length of) a longest palindromic119

substring of T ′. In the next section, we will present an O(n)-time and space preprocessing120

scheme such that subsequent 1-ELSPal queries can be answered in O(log(min{σ, logn}))121

time. For any integer ` ≥ 0, an `-block edit longest substring palindrome query (`-ELSPal122

query), which is a generalization of the 1-ELSPal query, asks (the length of) a longest123

palindromic substring of T ′′, where T ′′ denotes the string after an interval (substring) of T124

is replaced by a string of length `. In the following section, we will propose an O(n)-time125

and space preprocessing scheme such that subsequent `-ELSPal queries can be answered in126

O(`+logn) time. We remark that in both problems string edits are only given as queries, i.e.,127

we do not explicitly rewrite the original string T into T ′ nor T ′′ and T remains unchanged128

for further queries.129

3 Algorithm for 1-ELSPal130

In this section, we will show the following result:131

I Theorem 1. There is an algorithm for the 1-ELSPal problem which uses O(n) time and132

space for preprocessing, and answers each query in O(log(min{σ, logn})) time for single133
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12:4 Longest substring palindrome after edit

character substitution and insertion, and in O(1) time for single character deletion.134

3.1 Periodic structures of maximal palindromes135

Let T be a string of length n. For each 1 ≤ i ≤ n, let MaxPalEndT (i) denote the set136

of maximal palindromes of T that end at position i. Let Si = s1, . . . , sk be the sequence137

of lengths of maximal palindromes in MaxPalEndT (i) sorted in increasing order, where138

k = |MaxPalEndT (i)|. Let dj be the progression difference for sj , i.e., dj = sj+1 − sj for139

1 ≤ j < k. We use the following lemma which is based on periodic properties of maximal140

palindromes ending at the same position.141

I Lemma 1.142

(i) For any 1 ≤ j < k, dj+1 ≥ dj .143

(ii) For any 1 < j < k, if dj+1 6= dj , then dj+1 ≥ dj + dj−1.144

(iii) Si can be represented by O(log i) arithmetic progressions, where each arithmetic progres-145

sion is a tuple 〈s, d, t〉 representing the sequence s, s+ d, . . . , s+ (t− 1)d with common146

difference d.147

(iv) If t ≥ 2, then the common difference d is a period of every maximal palindrome which148

end at position i in T and whose length belongs to the arithmetic progression 〈s, d, t〉.149

Each arithmetic progression 〈s, d, t〉 is called a group of maximal palindromes. Similar150

arguments hold for the set MaxPalBegT (i) of maximal palindromes of T that begin at151

position i.152

To prove Lemma 1, we use arguments from the literature [2, 7, 14]. Let us for now153

consider any string W of length m. In what follows we will focus on suffix palindromes in154

SufPals(W ) and discuss their useful properties. We remark that symmetric arguments hold155

for prefix palindromes in PrePals(W ) as well. Let S′ = s′1, . . . , s
′
k′ be the sequence of lengths156

of suffix palindromes of S′ sorted in increasing order, where k′ = |SufPals(W )|. Let d′j be157

the progression difference for s′j , i.e., d′j = s′j+1 − s′j for 1 ≤ j < k′. Then, the following158

results are known:159

I Lemma 2 ([2, 7, 14]).160

(A) For any 1 ≤ j′ < k′, d′j′+1 ≥ d′j′ .161

(B) For any 1 < j′ < k′, if d′j′+1 6= d′j′ , then d′j′+1 ≥ d′j′ + d′j′−1.162

(C) S′ can be represented by O(logm) arithmetic progressions, where each arithmetic pro-163

gression is a tuple 〈s′, d′, t′〉 representing the sequence s′, s′ + d′, . . . , s′ + (t′ − 1)d′ of164

lengths of t′ suffix palindromes with common difference d′.165

(D) If t′ ≥ 2, then the common difference d′ is a period of every suffix palindrome of W whose166

length belongs to the arithmetic progression 〈s′, d′, t′〉.167

The set of suffix palindromes ofW whose lengths belong to the same arithmetic progression168

〈s′, d′, t′〉 is also called a group of suffix palindromes. Clearly, every suffix palindrome in the169

same group has period d′, and this periodicity will play a central role in our algorithms.170

We are ready to prove Lemma 1.171

Proof. It is clear that MaxPalEndT (i) ⊆ SufPals(T [1..i]), namely,172

MaxPalEndT (i) = {s′ ∈ SufPals(T [1..i]) | T [i− s′] 6= T [i+ 1], i− s′ = 1, or i = n}.173

The case where i = n is trivial, and hence in what follows suppose that i < n. Let174

c = T [i + 1], and for a group 〈s′, d′, t′〉 of suffix palindromes let a = T [i − s′] and b =175

T [i − s′ − (t′ − 1)d′], namely, a (resp. b) is the character that immediately precedes the176

shortest (resp. longest) palindrome in the group (notice that a = b when t′ = 1). Then, it177
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follows from Lemma 2 (D) that s′, s′+d′, . . . , s′+ (t′− 2)d′ ∈ MaxPalEndT (i) iff a 6= c. Also,178

s′ + (t′ − 1)d′ ∈ MaxPalEndT (i) iff b 6= c. Therefore, for each group of suffix palindromes of179

T [1..i], there are only four possible cases: (1) all members of the group are in MaxPalEndT (i),180

(2) all members but the longest one are in MaxPalEndT (i), (3) only the longest member is181

in MaxPalEndT (i), or (4) none of the members is in MaxPalEndT (i).182

Now, it immediately follows from Lemma 2 that (i) dj+1 ≥ dj for 1 ≤ j < k and (ii)183

dj+1 ≥ dj + dj−1 holds for 1 < j < k. Properties (iii) and (iv) also follow from the above184

arguments and Lemma 2. J185

For all 1 ≤ i ≤ n we can compute MaxPalEndT (i) and MaxPalBegT (i) in total O(n)186

time: After computing all maximal palindromes of T in O(n) time, we can bucket sort all187

the maximal palindromes with their ending positions and with their beginning positions in188

O(n) time each.189

3.2 Algorithm for substitutions190

In what follows, we will present our algorithm to compute the length of the LSPals after191

single character substitution. Our algorithm can also return the occurrence of an LSPal.192

Let i be any position in the string T of length n and let c = T [i]. Also, let T ′ =193

T [1..i − 1]c′T [i + 1..n], i.e., T ′ is the string obtained by substituting character c′ for the194

original character c = T [i] at position i. To compute the length of the LSPals of T ′, it suffices195

to consider maximal palindromes of T ′. Those maximal palindromes of T ′ will be computed196

from the maximal palindromes of T .197

The following observation shows that some maximal palindromes of T remain unchanged198

after character substitution at position i.199

I Observation 1 (Unchanged maximal palindromes after single character substitution). For200

any position 1 ≤ j < i, MaxPalEndT ′(j) = MaxPalEndT (j). For any position i < j ≤ n,201

MaxPalBegT ′(j) = MaxPalBegT (j).202

By Observation 1, for each position i (1 ≤ i ≤ n) of T , we precompute the largest element203

of
⋃

1≤j<i MaxPalEndT (j) and that of
⋃

i<j≤n MaxPalBegT (j), and store the larger one in204

the ith position of an array U of length n. U [i] is a candidate for the solution after the205

substitution at position i. For each position i,
⋃

1≤j<i MaxPalEndT (j) contains the lengths of206

all maximal palindromes which end to the left of i, and
⋃

i<j≤n MaxPalBegT (j) contains the207

lengths of all maximal palindromes which begin to the right of i. Thus, by simply scanning208

MaxPalEndT (j) for increasing j = 1, . . . , n and MaxPalBegT (j) for decreasing j = n, . . . , 1,209

we can compute U [i] for every position 1 ≤ i ≤ n. Since there are only 2n − 1 maximal210

palindromes in string T , it takes O(n) time to compute the whole array U .211

Next, we consider maximal palindromes of the original string T whose lengths are extended212

in the edited string T ′. As above, let i be the position where a new character c′ is substituted213

for the original character c = T [i]. In what follows, let σ denote the number of distinct214

characters appearing in T .215

I Observation 2 (Extended maximal palindromes after single character substitution). For any216

s ∈ MaxPalEndT (i− 1), the corresponding maximal palindrome T [i− s..i− 1] centered at217

2i−s−1
2 gets extended in T ′ iff T [i− s− 1] = c′. Similarly, for any p ∈ MaxPalBegT (i+ 1),218

the corresponding maximal palindrome T [i+ 1..i+ p] centered at 2i+p+1
2 gets extended in T ′219

iff T [i+ p+ 1] = c′.220

I Lemma 3. Let T be a string of length n over an integer alphabet of size polynomial in221

n. It is possible to preprocess T in O(n) time and space so that later we can compute in222

CPM 2018



12:6 Longest substring palindrome after edit

bbaabaabaacaabaabaaaaacaabab
i

b

b

c

b

Figure 1 Example for Lemma 3, with string bbaabaabaacaabaabaaaaacaabab where the character
a at position i = 20 is to be substituted. There are four maximal palindromes ending at position 19,
whose lengths are represented by two groups 〈2, 3, 3〉 and 〈17, 9, 1〉. For the first group, c precedes
the longest maximal palindrome and b precedes all the other maximal palindromes. The second
group contains only one maximal palindrome and b precedes it. The largest extended lengths are 21
for b, and 14 for c. Thus we have Ei = [(b, 21), (c, 14), (ĉ, 17)], where 17 is the length of the longest
maximal palindrome ending at position 19 in the original string.

O(log(min{σ, logn})) time the length of the longest maximal palindromes in T ′ that are223

extended after substitution of a character.224

Proof. By Observation 2, we consider maximal palindromes corresponding to MaxPalEndT (i−225

1). Those corresponding to MaxPalBegT (i+ 1) can be treated similarly. Let 〈s, d, t〉 be an226

arithmetic progression representing a group of maximal palindromes in MaxPalEndT (i− 1).227

Let us assume that the group contains more than 1 member (i.e., t ≥ 2) and that i− s ≥ 2,228

since the case where t = 1 or i− s = 1 is easier to deal with. Let Pj denote the jth shortest229

member of the group, i.e., P1 = T [i− s..i− 1] and Pt = T [i− s− (t− 1)d..i− 1]. Then, it230

follows from Lemma 1 (iv) that if a is the character immediately preceding the occurrence of231

P1 (i.e., a = T [i− s− 1]), then a also immediately precedes the occurrences of P2, . . . , Pt−1.232

Hence, by Observation 2, Pj (2 ≤ j < t) gets extended in the edited text T ′ iff c′ = a.233

Similarly, Pt gets extended iff c′ = b, where b is the character immediately preceding the234

occurrence of Pt. For each 1 ≤ j ≤ t the final length of the extended maximal palindrome can235

be computed in O(1) time by a single outward LCE query OutLCE(i− s− (j− 1)d− 2, i+ 1).236

Let P ′j denote the extended maximal palindrome for each 1 ≤ j ≤ t.237

The above arguments suggest that for each group of maximal palindromes, there are238

at most two distinct characters that can extend those palindromes after single character239

substitution. For each position i in T , let Σi denote the set of characters which can extend240

maximal palindromes w.r.t. MaxPalEndT (i− 1) after character substitution at position i.241

It now follows from Lemma 1 and from the above arguments that |Σi| = O(min{σ, log i}).242

Also, when any character in Σ \ Σi is given for character substitution at position i, then no243

maximal palindromes w.r.t. MaxPalEndT (i− 1) are extended.244

For each maximal palindrome P of T , let (i, c, l) be a tuple such that i is the ending245

position of P , and l is the length of the extended maximal palindrome P ′ after the immediately246

following character T [i+1] is substituted for the character c = T [i−|P |−1] which immediately247

precedes the occurrence of P in T . We then radix-sort the tuples (i, c, l) for all maximal248

palindromes in T as 3-digit numbers. This can be done in O(n) time since T is over an249

integer alphabet of size polynomial in n. Then, for each position i, we compute the maximum250

value lc for each character c. Since we have sorted the tuples (i, c, l), this can also be done in251

total O(n) time for all positions and characters. See Figure 1 for a concrete example.252

Let ĉ be a special character which represents any character in Σ \Σi (if Σ \Σi 6= ∅). Since253

no maximal palindromes w.r.t. MaxPalEndT (i− 1) are extended by ĉ, we associate ĉ with254

the length `ĉ of the longest maximal palindrome w.r.t. MaxPalEndT (i− 1). We assume that255
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ĉ is lexicographically larger than any characters in Σi. For each position i we store pairs256

(c, lc) in an array Ei of size |Σi|+ 1 = O(min{σ, log i}) in lexicographical order of c. Then,257

given a character c′ to substitute for the character at position i (1 ≤ i ≤ n), we can binary258

search Ei for (c′, lc′) in O(log(min{σ, logn})) time. If c′ is not found in the array, then we259

take the pair (ĉ, lĉ) from the last entry of Ei. We remark that
∑n

i=1 |Ei| = O(n) since there260

are 2n− 1 maximal palindromes in T and for each of them at most two distinct characters261

contribute to
∑n

i=1 |Ei|. J262

Finally, we consider maximal palindromes of the original string T whose lengths are263

shortened in the edited string T ′ after substituting a character c′ for the original character264

at position i.265

I Observation 3 (Shortened maximal palindromes after single character substitution). A maximal266

palindrome T [b..e] of T gets shortened in T ′ iff b ≤ i ≤ e, T [b+ e− i] 6= c′, and i 6= b+e
2 .267

I Lemma 4. It is possible to preprocess a string T of length n in O(n) time and space so268

that later we can compute in O(1) time the length of the longest maximal palindromes of T ′269

that are shortened after substitution of a character.270

Proof. Let S be an array of length n such that S[i] stores the length of the longest maximal271

palindrome that is shortened by the character substitution at position i. To compute S,272

we preprocess T by scanning it from left to right. Suppose that we have computed S[i].273

By Observation 3, we have that S[i] = 2(i − b+e+1
2 ) where T [b..e] is the longest maximal274

palindrome of T satisfying the conditions of Observation 3. In other words, T [b..e] is the275

maximal palindrome of T of which the center b+e
2 is the smallest possible under the conditions.276

For any position i < i′ ≤ e, we have that S[i′] = S[i]. For the next position e + 1, we277

can compute S[e+ 1] in amortized O(1) time by simply scanning the arrayM from position278

b+e+1
2 to the right until finding the first (i.e., leftmost) entry ofM which stores the length279

of a maximal palindrome whose ending position is at least e+ 1. Hence, we can compute S280

in O(n) total time and space. J281

Remark that maximal palindromes of T which do not satisfy the conditions of Observa-282

tions 2 and 3 are also unchanged in T ′.The following lemma summarizes this subsection:283

I Lemma 5. Let T be a string of length n over an integer alphabet of size polynomial in284

n. It is possible to preprocess T of length n in O(n) time and space so that later we can285

compute in O(log(min{σ, logn})) time the length of the LSPals of the edited string T ′ after286

substitution of a character.287

3.3 Algorithm for deletions288

Suppose the character at position i is deleted from the string T , and let T ′i denote the289

resulting string, namely T ′i = T [1..i− 1]T [i+ 1..n]. Now the RL factorization of T comes290

into play: Observe that for any 1 ≤ i ≤ n, T ′i = T ′RLFBeg(i) = T ′RLFEnd(i). Thus, it suffices291

for us to consider only the boundaries of the RL factors for T .292

It is easy to see that an analogue of Observation 1 for unchanged maximal palindromes293

holds, as follows.294

I Observation 4 (Unchanged maximal palindromes after single character deletion). For any295

position 1 ≤ j < RLFEnd(i), MaxPalEndT ′(j) = MaxPalEndT (j). For any position296

RLFBeg(i) < j ≤ n, MaxPalBegT ′(j) = MaxPalBegT (j).297
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abcaaaabaaaaaacbb

i RLFEnd(i)

abcaaaabaaaaacbb

Figure 2 Example for Observation 4. The maximal palindrome aaaabaaaa do not change if the
character a at position i is deleted. The result is the same if the character a at position RLFEnd(i)
is deleted.

See Figure 2 for a concrete example of Observation 4.298

By the above observation, we can compute the lengths of the longest unchanged maximal299

palindromes for the boundaries of all RL factors in O(n) time, in a similar way to the case300

of substitution.301

Clearly the new character at position RLFEnd(i) in the string T ′ after deletion is302

always T [RLFEnd(i) + 1], and a similar argument holds for RLFBeg(i). Thus, we have the303

following observation for extended maximal palindromes after deletion, which is an analogue304

of Observation 2.305

I Observation 5 (Extended maximal palindromes after single character deletion). For any306

s ∈ MaxPalEndT (RLFEnd(i)− 1), the corresponding maximal palindrome T [RLFEnd(i)−307

s..RLFEnd(i)−1] centered at 2RLFEnd(i)−s−1
2 gets extended in T ′ iff T [RLFEnd(i)−s−1] =308

T [RLFEnd(i) + 1]. Similarly, for any p ∈ MaxPalBegT (RLFBeg(i) + 1), the corresponding309

maximal palindrome T [RLFBeg(i) + 1..RLFBeg(i) + p] centered at 2RLFBeg(i)+p+1
2 gets310

extended in T ′ iff T [RLFBeg(i) + p+ 1] = T [RLFBeg(i)− 1].311

See Figure 3 for a concrete example for Observation 5.312

abcaaaabaaaaacbb

i RLFEnd(i)

abcaaaabaaaacbb

Figure 3 Example for Observation 5. The maximal palindrome aaaabaaaa gets extended to
bcaaaabaaaacb if the character a at position i is deleted. The result is the same if the character a
at position RLFEnd(i) is deleted.

Since the new characters that come from the left and the right of each deleted position313

are always unique, for each RLFEnd(i) and RLFBeg(i), the longest maximal palindrome314

that gets extended after deletion is also unique. Overall, we can precompute their lengths for315

all positions 1 ≤ i ≤ n in O(n) total time by using O(n) outward LCE queries in the original316

string T .317

Next, we consider those maximal palindromes which get shortened after single character318

deletion. We have the following observation which is analogue to Observation 3.319

I Observation 6 (Shortened maximal palindromes after deletion). A maximal palindrome T [b..e]320

of T gets shortened in T ′ iff b ≤ RLFBeg(i) and RLFEnd(i) ≤ e.321

See Figure 4 for a concrete example for Observation 6.322

accaaaaabaaaaaccb

i RLFEnd(i)

accaaaaabaaaaccb

Figure 4 Example for Observation 6. The maximal palindrome ccaaaaabaaaaacc gets shortened
to aaaabaaaa if the character a at position i is deleted. The result is the same if the character a at
position RLFEnd(i) is deleted.
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By Observation 6, we can precompute the length of the longest maximal palindrome after323

deleting the characters at the beginning and ending positions of each RL factors in O(n)324

total time, using an analogous way to Lemma 4.325

Summing up all the above discussions, we obtain the following lemma:326

I Lemma 6. It is possible to preprocess a string T of length n in O(n) time and space so327

that later we can compute in O(1) time the length of the LSPals of the edited string T ′ after328

deletion of a character.329

3.4 Algorithm for insertion330

Consider to insert a new character c′ between the ith and (i+ 1)th positions in T , and let331

T ′ = T [1..i]c′T [i+ 1..n]. If c′ 6= T [i] and c′ 6= T [i+ 1], we can find the length of the LSPals in332

T ′ in a similar way to substitution. Otherwise (if c′ = T [i] or c′ = T [i+ 1]), then we can find333

the length of the LSPals in T ′ in a similar way to deletion since c′ is merged to an adjacent334

RL factor. Thus, we have the following.335

I Lemma 7. Let T be a string of length n over an integer alphabet of size polynomial in n.336

It is possible to preprocess in O(n) time and space string T so that later we can compute in337

O(log(min{σ, logn})) time the length of the LSPals of the edited string T ′ after insertion of338

a character.339

3.5 Hashing340

By using hashing instead of binary searches on arrays, the following corollary is immediately341

obtained from Theorem 1.342

I Corollary 1. There is an algorithm for the 1-ELSPal problem which uses O(n) expected343

time and O(n) space for preprocessing, and answers each query in O(1) time for single344

character substitution, insertion, and deletion.345

4 Algorithm for `-ELSPal346

In this section, we consider the `-ELSPal problem where an existing block of length `′ in the347

string T is replaced with a new block of length `. This generalizes substitution when `′ > 0348

and ` > 0, insertion when `′ = 0 and ` > 0, and deletion when `′ > 0 and ` = 0.349

This section presents the following result:350

I Theorem 2. There is an O(n)-time and space preprocessing for the `-ELSPal problem such351

that each query can be answered in O(` + logn) time, where ` denotes the length of the352

block after edit.353

Note that the time complexity for our algorithm is independent of the length `′ of the original354

block to edit. Also, the length ` of a new block can be arbitrary.355

Consider to substitute a substring X of length ` for the substring T [ib..ie] beginning at356

position ib and ending at position ie, where ie − ib + 1 = `′ and X 6= T [ib..ie]. Let T ′′ =357

T [1..ib−1]XT [ie+1..n] be the string after edit. For ease of explanation, we assume that there358

exsit two positions j1 < j2 in X such that j1 is the smallest position with T [ib +j1−1] 6= X[j1]359

and j2 is the greatest position with T [ie−`+j2] 6= X[j2]. The other cases (e.g., X or T [ib..ie]360

is the empty string, j1 and j2 do not exist, or j1 = j2) can be treated similarly. Given the361

above assumption, we can restrict ourselves to the case where the first and last characters362

of T [ib..ie] differ from those of X: Otherwise, then let pb = lcp(T [ib..ie], X) = j1 − 1 and363
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pe = lcp((T [ib..ie])R
, XR) = `− j2. We can compute pb and pe in O(`− ˆ̀+ 1) time by naïve364

character comparisons, where ˆ̀= `− pb − pe = j2 − j1 + 1. Then, the above `-ELSPal query365

reduces to an ˆ̀-ELSPal query with edited string T [1..ib + pb]X[pb + 1..`− pe]T [ie − pe..n].366

We have the following observation for those of maximal palindromes in T whose lengths367

do not change, which is a generalization of Observation 1.368

I Observation 7 (Unchanged maximal palindromes after block edit). For any position 1 ≤ j < ib,369

MaxPalEndT ′′(j) = MaxPalEndT (j). For any position ie < j ≤ n, MaxPalBegT ′′(j) =370

MaxPalBegT (j).371

Hence, we can use the same O(n)-time preprocessing and O(1) queries as the 1-ELSPal372

problem: When we consider substitution for an existing block T [ib..ie], we take the length of373

the longest maximal palindrome ending before ib and that of the longest maximal palindrome374

beginning after ie as candidates for a solution to the `-ELSPal query.375

Next, we consider the maximal palindromes of T that get extended after block edit.376

I Observation 8 (Extended maximal palindromes after block edit). For any s ∈ MaxPalEndT (ib−377

1), the corresponding maximal palindrome T [ib− s..ib− 1] centered at 2ib−s−1
2 gets extended378

in T ′′ iff OutLCET ′′(ib − s − 1, ib) ≥ 1. Similarly, for any p ∈ MaxPalBegT (ie + 1), the379

corresponding maximal palindrome T [ie + 1..ie + p] centered at 2ie+p+1
2 gets extended in T ′′380

iff OutLCET ′′(ie, ie + p+ 1) ≥ 1.381

It follows from Observation 8 that it suffices to compute outward LCE queries efficiently382

for all maximal palindromes which end at position ib − 1 or begin at position ie + 1 in the383

edited string T ′′. However, there can be Ω(n) maximal palindromes beginning or ending at384

each position of a string of length n. Yet, we can compute the length of the longest maximal385

palindromes that get extended after edit using periodic structures of maximal palindromes.386

Let 〈s, d, t〉 be an arithmetic progression representing a group of maximal palindromes387

ending at position ib − 1. For each 1 ≤ j ≤ t, let sj denote the jth shortest element for388

〈s, d, t〉, namely, sj = s+ (j − 1)d. For simplicity, let Y = T [1..ib − 1] and Z = XT [ie + 1..n].389

Let Ext(sj) denote the length of the maximal palindrome that is obtained by extending sj390

in Y Z. The following is a rewording of Lemma 12 of [14].391

I Lemma 8. Let α = lcp((Y [1..|Y | − s1])R
, Z) and β = lcp((Y [1..|Y | − st])R

, Z). If there392

exists sh ∈ 〈s, d, t〉 such that sh + α = st + β, then let γ = lcp((Y [1..|Y | − sh]), ZR). Then,393

for any sj ∈ 〈s, d, t〉 \ {sh}, Ext(sj) = sj + 2 min{α, β + (t − j)d}. Also, if sh exists, then394

Ext(sh) = sh + 2γ ≥ Ext(sj) for any j 6= h.395

See Figure 5 for a concrete example of Lemma 8.396

accbaabaabaabaabaabaabaabaabccc

α

γ

β

Figure 5 Example for Lemma 8, where Y = accbaabaabaabaabaaba and Z = abaabaabccc. Here
we have α = 8, β = 2, and γ = 10.

Due to Lemma 8, provided that α, β, and γ (if sh exists) are already computed, then it397

is a simple arithmetic to calculate the length of the longest extended maximal palindrome398

from 〈s, d, t〉 in T ′′ = Y Z.399
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T [1..ib-1] T [ie+1..n]X

s

s+(t-1)d

τ ’

s α

β

Figure 6 Illustration for Lemma 9, where solid arrows represent the matches obtained by naïve
character comparisons, and broken arrows represent those obtained by LCE queries. Here we consider
the case where 0 < τ < `. To compute α, we first perform a leftward LCE query. Here, the LCE
value is less than τ and thus it is α. To compute β, we also perform a leftward LCE query. Here,
the LCE value is at least τ , and thus we perform naïve character comparisons to determine the
remainder of β. Other cases can be treated similarly.

I Lemma 9. Let T be a string of length n over an integer alphabet of size polynomially400

bounded in n. It is possible to preprocess T in O(n) time and space so that later we can401

compute in O(`+ logn) time the length of the longest maximal palindromes of T ′′ that are402

extended after replacing an existing block with a new block of length `.403

Proof. Let 〈s, d, t〉 be any arithmetic progression representing a group of MaxPalEndT (ib−1),404

and α, β, and γ be the lcp values for this group as defined in Lemma 8. Suppose that we have405

already processed all groups of shorter maximal palindromes. Let s′ be one of the already406

processed maximal palindromes which has the longest extension of length τ (i.e., s′+2τ is the407

length of the extended maximal palindrome for s′). See also Figure 6. There are three cases:408

(1) If τ = 0, then we compute α by naïve character comparisons between (T [1..ib − s− 1])R
409

and X. (2) If 0 < τ < `, then we first compute δ = LeftLCET (ib − s − 1, ib − s′ − 1).410

(2-a) If δ < τ , then α = δ. (2-b) Otherwise (δ ≥ τ), then we know that α is at least as411

large as τ . We then compute the remainder of α by naïve character comparisons. If the412

character comparison reaches the end of X, then the remainder of α can be computed by413

OutLCET (ib − s − ` − 1, ie + 1). Then we update τ with α. (3) If τ ≥ `, then we can414

compute α by LeftLCET (ib − s − 1, ib − s′ − 1), and if this value is at least `, then by415

OutLCET (ib − s− `− 1, ie + 1). β and γ (if it exists) can also be computed similarly.416

After processing all arithmetic progressions representing the groups for MaxPalEndT (ib−417

1), the total number of matching character comparisons is at most ` since each position of418

X is involved in at most one matching character comparison. Also, the total number of419

mismatching character comparisons is O(logn) since for each arithmetic progression there420

are at most three mismatching character comparisons (those for α, β, and γ). The total421

number of LCE queries in the original text T is O(logn), each of which can be answered in422

O(1) time. Thus, together with Lemma 8, it takes O(`+ logn) time to compute the length423

of the longest maximal palindromes of T ′′ that are extended after block edit. J424

I Remark. An alternative method to Lemma 9 would be to first build the suffix tree of425

T#TR$ enhanced with a dynamic lowest common ancestor data structure [4] using O(n)426

time and space [5], and then to update the suffix tree with string T#TR$X#′XR$′ using427

Ukkonen’s online algorithm [18], where #′ and $′ are special characters not appearing in T428

nor X. This way, one can answer LCE queries between any position of the original string429

T and any position of the new block X in O(1) time. Since we need O(logn) LCE queries,430

it takes O(logn) total time for all LCE queries. However, Ukkonen’s algorithm requires431
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T [1..ib-1] T [ie+1..n]X

p1

p2

p3
α3

α1

α2

α 3’

Figure 7 Illustration for Lemma 11, where solid arrows represent the matches obtained by
naïve character comparisons, and broken arrows represent those obtained by LCE queries. Here
are three prefix palindromes of X of length p1, p2, and p3. We compute α1 naïvely. Here, since
p1 +α1 < p2, we compute p2 naïvely. Since p2 +α2 > p3, we compute LeftLCET (ib−1, ib−α2 +α′

3−1).
Here, since its value reached α′

3, we perform naïve character comparison for X[p3 + α′
3 + 1..`] and

(T [1..ib − α′
3 − 1])R. Here, since there was no mismatch, we perform OutLCET (ib− `+ p3− 1, ie + 1)

and finally obtain α3. Other cases can be treated similarly.

O(` log σ) time to insert X#′XR$′ into the existing suffix tree, where ` = |X|. Thus, this432

method requires us O(` log σ + logn) time and thus is slower by a factor of log σ than the433

method of Lemma 9.434

Finally, we consider the maximal palindromes that get shortened after block edit.435

I Observation 9 (Shortened maximal palindromes after block edit). A maximal palindrome436

T [b..e] of T gets shortened in T ′′ iff b ≤ ib ≤ e and ib 6= b+e
2 , or b ≤ ie ≤ e and ie 6= b+e

2 .437

The difference between Observation 3 and this one is only in that here we need to consider438

two positions ib and ie. Hence, we obtain the next lemma using a similar method to Lemma 4:439

I Lemma 10. We can preprocess a string T of length n in O(n) time and space so that later440

we can compute in O(1) time the length of the longest maximal palindromes of T ′′ that are441

shortened after block edit.442

Finally, we consider those maximal palindromes whose centers exist in the new block X443

of length `. By symmetric arguments to Observation 8, we only need to consider the prefix444

palindromes and suffix palindromes of X. Using a similar technique to Lemma 9, we obtain:445

I Lemma 11. We can compute the length of the longest maximal palindromes whose centers446

are inside X in O(`) time and space.447

Proof. First, we compute all maximal palindromes in X in O(`) time. Let p1, . . . , pu be448

a sequence of the lengths of the prefix palindromes of X sorted in increasing order. For449

each 1 ≤ j ≤ u, let αj = lcp(X[pj + 1..`], (T [1..ib − 1])R), namely, pj + 2αj is the length450

of the extended maximal palindrome for each pj . Suppose we have computed αj−1, and451

we are to compute αj . See also Figure 7. If pj−1 + αj−1 ≤ pj , then we compute pj by452

naïve character comparisons. Otherwise, then let α′j = pj−1 + αj−1 − pj . Then, we can453

compute lcp(X[pj + 1..pj + α′j ], (T [1..ib − 1])R) by a leftward LCE query in the original454

string T . If this value is less than α′j , then it equals to αj . Otherwise, then we compute455

lcp(X[pj + α′j + 1..`], (T [1..ib − 1])R) by naïve character comparisons. The total number of456

matching character comparisons is at most ` since each position in X can be involved in457

at most one matching character comparison. The total number of mismatching character458

comparisons is also `, since there are at most ` prefix palindromes of X and for each of459

them there is at most one mismatching character comparison. Hence, it takes O(`) time to460

compute the length of the longest maximal palindromes whose centers are inside X. J461
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